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Abstract
We investigate some issues on renormalisability of non-anticommutative supersymmetric gauge theory 
related to field redefinitions. We study one loop corrections to N = 12 supersymmetric SU(N) ×U(1) gauge 
theory coupled to chiral matter in component formalism, and show the procedure which has been introduced 
for renormalisation is problematic because some terms which are needed for the renormalisability of theory 
are missed from the Lagrangian. In order to prove the theory is renormalisable, we redefine the gaugino 
and the auxiliary fields (λ, F¯ ), which result in a modified form of the Lagrangian in the component formal-
ism. Then, we show the modified Lagrangian has extra terms which are necessary for renormalisability of 
non-anticommutative supersymmetric gauge field theories. Finally, we prove N = 12 supersymmetric gauge 
theory is renormalisable up to one loop corrections using standard method of renormalisation; besides, it is 
shown the effective action is gauge invariant.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
In recent years, deformed quantum field theories have received more attention due to their nat-
ural appearance in string theory. One type of deformation is space–time deformation in which the 
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field theories. The non-commutativity leads to a nontrivial product of fields which is called the 
-product. Another type of deformation is noncommutativity in the Grassmann coordinates θα, 
leaving the anticommutators of θ¯ α˙ unchanged. It has been indicated that this superspace ge-
ometry can occur in string theory in the presence of a graviphoton background [1,2]. Theories 
defined on non-anticommutative (NAC) superspace have been studied extensively during last ten 
years [1,3–6]. It is straightforward to construct a field theory over NAC superspace in terms of 
superfields with the star-product where the Lagrangian is deformed from the original theory by 
the non-anticommutativity parameter {θα, θβ} = Cαβ where C is a nonzero constant.
During the last ten years, the renormalisability of the NAC field theories has been the subject 
of numerous research. NAC field theories are not power-counting renormalisable; however, it 
has been shown that they could be made renormalisable if some additional terms are added to the 
Lagrangian in order to absorb divergences to all orders [7–15]. The issues of renormalisability of 
NAC versions of the Wess–Zumino model and supersymmetric gauge theories have been stud-
ied. The renormalisability of NAC versions of the Wess–Zumino model has been discussed [7,8], 
with explicit computations up to two loops [9]. The renormalisability of supersymmetric gauge 
field theories has been discussed in WZ gauge [13,14]. Drawing on the component approach, 
authors [16,17] have provided the most complete results for the one-loop quantum corrections of 
the deformed component theory. Working in components in the WZ gauge, they have argued that 
in order to restore gauge invariance, it is necessary to define one-loop divergent field redefinitions 
of the gaugino field (λ) and the auxiliary field (F¯ ) (in the case of matter fields). It has been man-
ifested, the one-loop divergences (1PI), with the relevant diagrams containing only C-deformed 
vertex figures, cannot be cancelled by the Lagrangian since they contain contributions which do 
not appear in the original Lagrangian; in other words, the theory is nonrenormalisable. Their re-
sults imply that there are problems with the assumption of gauge invariance, which is required to 
rule out some classes of divergent structure in the NAC theory. In their findings, one can see that 
even at one loop divergent non-gauge-invariant terms are generated. In order to remove the non-
gauge-invariant terms and restore gauge invariance at one loop they have introduced one loop 
divergent field redefinitions. They realised that by adding new deformation-parameter-dependent 
terms to the theory, the one-loop effective action can be renormalisable. However, these kinds 
of divergent field redefinitions are problematic because there is no theoretical justification or 
interpretation for the field redefinition, as mentioned by the authors [16,17].
On the other hand, the authors in [19–21] started from the superspace formalism and discussed 
renormalisability and supergauge invariance. They have argued that suitable deformations of the 
classical actions are necessary in order to achieve renormalisability at one loop level [19]. Using 
the background field method, they have computed the effective action. They have proved that 
divergent field redefinitions are not required and the original effective action is not only gauge 
but also supergauge invariant up to one loop corrections. An important feature of their work is 
that although they obtain the effective action without any difficulty in the superspace formalism, 
they have found that some new terms have to be added to the superfield action due to the one 
loop divergent contribution for C-deformed section.
In this paper we investigate the renormalisability of N = 12 supersymmetric gauge theory cou-
pled to chiral matter and propose a modified classical action which is necessary in component 
formalism. First, we briefly review NAC supersymmetric gauge theories and their Lagrangian in 
the component formalism and also the field redefinitions which are described in Refs. [1,6]. Then 
we concentrate on the one-loop corrections of three- and four-point functions (in the C-deformed 
sector) and show that anomalous terms appear in the 1PI functions which spoil the renormal-
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we suggest a new kind of field redefinition which results in a new form of the Lagrangian in 
the component formalism (though the form of the Lagrangian remains unchanged in the super-
space formalism). Then, we investigate its effects on the renormalisability of the theory. We shall 
prove N = 12 supersymmetric gauge theory is renormalisable at one loop level, using the stan-
dard method of renormalisation without any need for divergent field redefinitions. Our method 
confirms that the effective action is gauge invariant which is consistent with superspace formal-
ism [19].
Working in the component case, we initially encounter some very important issues such as 
the field redefinition of the gaugino field λ and auxiliary field F¯ that Seiberg and other authors 
have introduced at the beginning of their extension of the standard theory. With these redefini-
tions some terms have been effectively removed from the Lagrangian; we reveal the necessity 
of restoring these hidden terms by new generalised redefinitions based on [1,6]. Secondly, the 
effective action in the component case violates gauge invariance owing to some unusual terms 
– the so-called Y terms. Nonetheless, we confirm a number of results in both of the works in 
[17,19] relating to renormalisability of the theory and preservation of the algebraic structure of 
the star product.
2. N = 1/2 supersymmetric U(N) gauge theory Lagrangian
In this section we review the classical form of the N = 12 supersymmetric gauge theory 
Lagrangian. The N = 1/2 supersymmetric gauge theory Lagrangian was first introduced in 
Refs. [1,6] for the gauge group U(N). However, as it was noted in Refs. [16,17], at the quantum 
level the U(N) gauge invariance cannot be retained since the SU(N) and U(1) gauge couplings 
renormalise differently; and they have obliged to consider a modified N = 12 invariant theory 
with the gauge group SU(N) × U(1).
The U(N) gauge invariant supersymmetric Lagrangian for NAC superspace formalism is as 
follows:
L =
∫
d2θd2θ¯ ¯  eV  
+ 1
16kg2
(∫
d2θ trWα Wα +
∫
d2θ¯Wα˙  W
α˙
)
, (1)
where Wα and Wα˙ are chiral and antichiral field strengths. V ,  and ¯ are vector, chiral and 
antichiral superfield respectively.
When one discusses the non-anticommutative theory, he or she starts with the superspace 
formalism. In the superspace gauge transformation, the gauge parameter is a superfield. When 
one rewrites it into the component formalism, it is necessary to impose the Wess–Zumino gauge. 
Using this gauge fixing, one obtains the component gauge transformation, which is smaller than 
the original superspace gauge transformation.
In Wess–Zumino gauge, the vector superfield V is presented as:
V (y, θ, θ¯) = −(θσμθ¯)vμ(y) + iθθ θ¯ λ¯(y) − iθ¯ θ¯θλ(y) + 12θθ θ¯ θ¯ (D − i∂μv
μ)(y), (2)
where we write V = V ARA with RA being the generators of the gauge group U(N). Performing 
a gauge transformation on the vector superfield in the Wess–Zumino gauge results in the gauge 
transformations of the component fields. They are given by:
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δ∗ϕλα = i[ϕ,λα] +
1
4
(εCσμ)αα˙{−2∂μϕ + λ¯α˙}, (4)
δ∗ϕλ¯α˙ = i[ϕ, λ¯α˙], (5)
δ∗ϕD = i[ϕ,D], (6)
where ϕ is the gauge transformation parameter. These gauge transformations are not canonical 
because the transformation of λ depends on the deformation parameter C. In order to obtain 
the canonical form of the gauge transformations, the authors [1,6] proposed the following λ
redefinition:
λ′α = λα −
1
4
(εCσμ)αα˙{Aμ, λ¯α˙}, (7)
so that its canonical gauge transformation is given by:
⇒ δ∗ϕλ′α = i[ϕ,λ′α]. (8)
Then, the vector superfield is redefined as:
V A(y, θ, θ¯) = −(θσμθ¯)AAμ(y) + iθθ θ¯ λ¯A(y) − iθ¯ θ¯θ
(
λ′Aα +
1
4
dABCCμνσναα˙A
B
μλ¯
α˙C
)
+ 1
2
θθ θ¯ θ¯ (DA − i∂μAAμ)(y) (9)
Gauge transformations of the chiral and antichiral superfields have been studied in [1,6]. The 
chiral and antichiral superfields are written as:
(y, θ) = φ(y) + √2θψ(y) + θθF (y) (10)
¯(y¯, θ¯ ) = φ¯(y¯) + √2θ¯ ψ¯(y¯) + θ¯ θ¯ F¯ (y¯) (11)
In order to have canonical gauge transformations of the component fields, the F¯ component field 
should be redefined as:
F¯ ′(y¯) = F¯ (y¯) − iCμν∂μ(φ¯Aν)(y¯) + 14C
μνφ¯AμAν(y¯) (12)
Then
⇒ δ∗ϕF¯ ′ = −iF¯ ′ϕ (13)
Thus, the antichiral superfield is given by [6]:
¯(y¯, θ¯ ) = φ¯ + √2θ¯ ψ¯ + θ¯ θ¯
(
F¯ ′ + iCμν∂μ(φ¯Aν) − 14C
μνφ¯AμAν
)
(14)
Using the above field redefinitions and rescaling V and Cαβ , the authors [6,17] have suggested 
an N = 12 supersymmetric U(N) gauge theory action coupled to chiral matter. It is given by:
S =
∫
d4x
[
Tr{−1
2
FμνFμν − 2iλ¯σ¯ μ(Dμλ′) + D2}
− 2igCμν Tr{Fμνλ¯λ¯} + g2 | C |2 Tr{(λ¯λ¯)2}
+
{
F¯ ′F − iψ¯ σ¯ μ(Dμψ) − Dμφ¯Dμφ + gφ¯Dφ + i
√
2g(φ¯λ′ψ − ψ¯λ¯φ)
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√
2gCμνDμφ¯λ¯σ¯νψ + |C|
2
4
g2φ¯λ¯λ¯F
+ (φ → φ˜,ψ → ψ˜,F → F˜ ,Cμ,ν → −Cμ,ν)
}]
, (15)
where in order to ensure anomaly cancellation, a multiplet {φ, ψ, F } transforming according to 
the fundamental representation and, a multiplet {φ˜, ψ˜, F˜ } transforming according to its conjugate 
are included in the Lagrangian. Moreover, there are
Fμν = ∂μAν − ∂νAμ + ig[Aμ,Aν],
Dμλ
′ = ∂μλ′ + ig[Aμ,λ′],
Dμφ = ∂μφ + igAμ, (16)
and
Aμ = AAμRA, λ′ = λ′ARA, D = DARA. (17)
Corresponding to any index a for SU(N), we introduce the index A = (0, a). Thus, A runs from 
0 to N2 − 1, with RA being the group matrices for U(N) in the fundamental representation. 
These satisfy
[RA,RB ] = if ABCRC, {RA,RB} = dABCRC, (18)
where f ABC is completely antisymmetric, f abc is the same as SU(N) and f 0bc = 0, while 
dABC is completely symmetric; dabc is the same as SU(N), d0bc = √2/Nδbc, d00c = 0 and 
d000 = √2/N . In particular, R0 =
√
1
2N 1, and
Tr{RARB} = 1
2
δAB (19)
Cμν is related to the non-anticommutativity parameter Cαβ by:
Cμν = Cαββγ σμν γα , (20)
and
| C |2= CμνCμν. (21)
Besides, our conventions are consistent with Ref. [1].
It is easy to show there are some extra terms in the action when one uses the original definition 
of the gaugino field (λ) and the auxiliary field (F¯ ) instead of the field redefinitions (λ′) and (F¯ ′). 
Thus, the problem of renormalisability of the theory is solved by these extra terms as it is shown 
in next section.
2.1. N = 12 supersymmetric SU(N) × U(1) action
To ensure renormalisability it is necessary to decompose U(N) into SU(N) × U(1) because 
the U(N) gauge symmetry is not preserved under renormalisation. In fact, the two gauge cou-
pling constants renormalise differently [17,19]. To obtain a renormalisable theory one must 
introduce different couplings for the SU(N) and U(1) parts of the gauge group and then the 
U(N) gauge-invariance is lost. Therefore, the authors of [17] have suggested an N = 12 super-
symmetric SU(N) ×U(1) gauge theory coupled to chiral matter. Following their work, the action 
is given by:
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∫
d4x
[
− 1
4
FμνAFAμν − iλ¯Aσ¯ μ(Dμλ′)A +
1
2
DADA
− 1
2
iγ ABCdABCCμνFAμνλ¯
Bλ¯C + 1
8
| C |2 dabedcdeg2(λ¯aλ¯b)(λ¯cλ¯d )
+ 1
4N
| C |2 (g
2
g0
)2(λ¯aλ¯a)(λ¯bλ¯b)
+ {F¯ ′F − iψ¯ σ¯ μDμψ − Dμφ¯Dμφ + φ¯Dˆφ + i
√
2(φ¯λˆ′ψ − ψ¯ ¯ˆλφ)
+ √2CμνDμφ¯ ¯ˆλσ¯νψ + iCμνφ¯FˆμνF + 14 | C |
2 φ¯ ¯ˆλB ¯ˆλCF
+ (φ → φ˜,ψ → ψ˜,F → F˜ ,Cμν → −Cμν)}
]
, (22)
where Aˆμ is defined by
Aˆμ = AˆAμRA = gAaμRa + g0A0μR0, (23)
with similar definitions for λˆ′, Dˆ and Fˆμν , and
Dμφ = (∂μ + iAˆμ)φ. (24)
γ ABC is given by:
γ abc = g, γ a0b = γ ab0 = γ 000 = g0, γ 0ab = g
2
g0
(25)
Eq. (22) reduces to the original U(N) Lagrangian (15) derived from non-anticommuting su-
perspace upon setting g0 = g.
In order to investigate the renormalisability of the theory, one needs to compute the one-
loop one-particle-irreducible (1PI) graph contributions. The one-loop graph corrections of N = 1
part of the theory are not affected by C-deformation. So the anomalous dimensions and gauge 
β-functions are as for N = 1. The 1PI graph corrections contributing to the new terms (those 
containing C) are calculated in Ref. [17] in the component formalism and we present them in 
Appendix A (we note that the one loop divergent contributions for the C-deformed sector have 
also been computed using the background field method in the superspace approach in Ref. [19]). 
However, it is easy to see the component version of the theory could not be renormalisable 
because some anomaly terms which are proportional to Yμν = Cμρgρλ(σ¯ λν) appear in 1PI 
corrections, but there are no similar terms in the Lagrangian; therefore, these terms spoil the 
renormalisability of the theory. Moreover, the existence of these terms violates the gauge invari-
ance of the effective action (albeit this issue does not happen in the effective action according to 
superspace formalism). In order to solve these issues and renormalise the theory in component 
formalism, the authors of Ref. [17] have proposed a procedure of two steps. Firstly, they have 
modified the action and added new terms to the action. Their modified action is given by:
S =
∫
d4x
[
− 1
4
FμνAFAμν − iλ¯Aσ¯ μ(Dμλ′)A +
1
2
DADA
− 1
2
iγ ABCdABCCμνFAμνλ¯
Bλ¯C + 1
8
| C |2 dabedcdeg2(λ¯aλ¯b)(λ¯cλ¯d )
+ 1 | C |2 (g
2
)2(λ¯aλ¯a)(λ¯bλ¯b)4N g0
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N
ϑ1g
2
0C
2(λ¯aλ¯a)(λ¯0λ¯0)
+ {F¯ ′F − iψ¯ σ¯ μDμψ − Dμφ¯Dμφ + φ¯Dˆφ + i
√
2(φ¯λˆ′ψ − ψ¯ ¯ˆλφ)
+ √2CμνDμφ¯ ¯ˆλσ¯νψ + iCμνφ¯FˆμνF + 14 | C |
2 φ¯ ¯ˆλB ¯ˆλCF
− ϑ2Cμνg
(√
2Dμφ¯λ¯aRaσ¯νψ +
√
2φ¯λ¯aRaσ¯νDμψ + iφ¯F aμνRaF
)
+ (φ → φ˜,ψ → ψ˜,F → F˜ ,Cμν → −Cμν)}
]
, (26)
where ϑ1 and ϑ2 are constants. These new terms (those are proportional to ϑ1 and ϑ2 constants) 
are separately invariant under N = 1/2 supersymmetry and must be included to obtain a renor-
malisable Lagrangian. However, these terms are not obtained from the original superspace action. 
In this case a similar feature also appeared in [19–21] where the superspace action had to be mod-
ified in order to get a renormalised theory. In their procedure, the renormalised couplings ϑ1 and 
ϑ2 have been set to zero for calculational simplicity. In other words, they have not contributed to 
1PI corrections. Secondly, they have introduced divergent field redefinitions or, to put it another 
way, added non-linear terms to the bare action at the end of their calculations. This scenario has 
been used in several papers [18]. However, the scenario is problematic because of divergent field 
redefinitions which have no theoretical justification. The another problem is that the action is 
changed. Moreover, there is disagreement with the superfield formalism where divergent field 
redefinitions are not needed [19].
In next section we introduce field redefinitions which lead to a different classical action in the 
component formalism, then discuss the renormalisability of the theory, and prove the theory is 
renormalisable up to one loop corrections. Besides, we indicate divergent field redefinitions are 
not needed which is in agreement with the superfield formalism.
3. Generalized Wess–Zumino gauge, field redefinitions and renormalisation
In this section we generalise Wess–Zumino gauge, and introduce field redefinitions which 
modify the N = 12 supersymmetric gauge theory action. Then we prove the modified action is 
renormalisable.
Discussing the non-anticommutative theory, one starts from the superspace formalism. In the 
superspace gauge transformation, the gauge parameter is a superfield. In order to obtain the 
N = 12 supersymmetric gauge theory Lagrangian in the component formalism, one should im-
pose the Wess–Zumino gauge. Using this gauge fixing, the component gauge transformation is 
obtained which is smaller than the original superspace gauge transformation. In order to obtain 
the canonical forms of the gauge transformations, Seiberg proposed to take the following Wess–
Zumino gauge [1].
V A(y, θ, θ¯) = −(θσμθ¯)AAμ(y) + iθθ θ¯ λ¯A(y) − iθ¯ θ¯θ
(
λAα +
1
4
dABCCμνσναα˙A
B
μλ¯
α˙C
)
+ 1
2
θθ θ¯ θ¯ (DA − i∂μAAμ)(y). (27)
What we do is to impose the generalised version of this Wess–Zumino gauge fixing in the form:
V = · · · − iθ¯ θ¯θ
(
λAα +
1
dABCCμνσναα˙A
B
μλ¯
α˙C(1 + κABC)
)
+ · · · (28)
4
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before the redefinition appearing in [1,6]. We postulate that the difference between the two gauge 
fixing is related by a certain superspace gauge transformation. Therefore, we believe that the 
parameter κABC simply corresponds to a choice of gauge fixing. In the explicit calculation, we 
will see that κABC is renormalised. It means that we change the gauge fixing condition during the 
renormalisation. In the usual renormalisation method, we keep the gauge fixing condition. In this 
sense, our method does not look very natural conceptually although it does not necessarily mean 
that our computation is problematic. If we would like to keep the same Wess–Zumino gauge, we 
can go back to the original gauge fixing after the 1-loop computation by putting the renormalised 
coupling κABCren = 0 by hand in the renormalised Lagrangian.
In the same way we generalise the antichiral superfield as follow:
¯(y¯, θ¯ ) = φ¯ + √2θ¯ ψ¯ + θ¯ θ¯
(
F¯ + iCμν∂μ(φ¯Aν) − 14C
μνφ¯AμAν
+ iCμνκARAφ¯∂μAAν −
i
8
εAgR
Af ABCCμνφ¯ABμA
C
ν
+ 1
8
hABC | C |2 gBgCdABCRAφ¯λ¯Bλ¯C
)
(29)
For hABC = εA = κA = 0, it reduces to Eq. (14).
Using the generalised vector and antichiral superfield, Eqs. (28), (29) result in field redefini-
tions λ′ and F¯ ′ which are:
λ′A −→ λA − 1
4
κABCdABCCμνABμσνλ¯
C,
F¯ ′ −→ F¯ − iCμνκARAφ¯∂μAAν +
i
8
εAgR
Af ABCCμνφ¯ABμA
C
ν
+ 1
8
hABC | C |2 gBgCdABCRAφ¯λ¯Bλ¯C. (30)
These field redefinitions are similar to Eqs. (7) and (12). According to the above equations, 
the WZ gauge has been parameterised by some new non-zero parameters κABC , κA and εA. 
The field redefinitions in Eqs. (30) lead to new gauge and SUSY transformations which are not 
canonical because the transformation of λ and F¯ depend on the NAC parameter C. The gauge 
transformations are given by:
δϕA
A
μ = −2∂μϕA − f ABCϕBACμ,
δϕλ¯
A
α˙ = −f ABCϕBλ¯Cα˙ ,
δϕλ
A
α = −f ABCϕB −
1
2
κABCdABCCμνσναα˙∂μϕ
Bλ¯α˙C,
δϕD
A = −f ABCϕBDC,
δϕφ = iϕφ,
δϕφ¯ = −iφ¯ϕ,
δϕψα = iϕψα,
δϕψ¯α˙ = −iψ¯α˙ϕ,
δϕF = iϕF,
δϕF¯ = −iF¯ ϕ − iCμνκARAf ABCφ¯∂μ(ϕBAC)ν
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2
εAgR
Af ABCCμνφ¯(∂μϕ
B)ACν
+ i
4
εAgR
Af ABCf BDECμνφ¯ϕDAEμA
C
ν
+ 1
4
hABC |C|2gBgCdABCRAf BDEφ¯ϕDλ¯Eλ¯C (31)
Moreover, the N = 12 SUSY transformations are given by:
δAAμ = −iλ¯Aσ¯μ,
δλAα = iαDA + (σμν)α[FAμν +
1
2
iCμν(γ
ABC + 1
2
κABC)dABCλ¯Bλ¯C],
δλ¯Aα˙ = 0 , δDA = −σμDμλ¯A,
δφ = √2ψ, δφ¯ = 0,
δψα = √2αF, δψ¯α˙ = −i
√
2(Dμφ¯)(σμ)α˙,
δF = 0,
δF¯ = −iRAφ¯λA + √2iσμ(∂μψ¯ + igRAAAμψ¯) + i(1 − κA)CμνRAφ¯(σν∂μλ¯A)
− 1
4
(1 − εA)gRAf ABCCμνφ¯ABμ(σνλ¯C) (32)
3.1. The modified action
The field redefinitions (30) lead to a modified NAC action in component formalism. Therefore, 
we should replace Eq. (22) by:
S =
∫
d4x
[
− 1
4
FμνAFAμν − iλ¯Aσ¯ μ(Dμλ)A +
1
2
DADA
− 1
2
iγ ABCdABCCμνFAμνλ¯
Bλ¯C + 1
8
| C |2 dabedcdeg2(λ¯aλ¯b)(λ¯cλ¯d)
+ 1
4N
| C |2 (g
2
g0
)2(λ¯aλ¯a)(λ¯bλ¯b) + 1
N
ϑ1g
2
0C
2(λ¯aλ¯a)(λ¯0λ¯0)
+ i
16
dABCκBACCμν(∂μA
A
ν − ∂νAAμ)λ¯Bλ¯C
− i
4
gκEDBdBDEf ACECμνACμA
D
ν λ¯
Aλ¯B
+ i
4
κBACdABCAAμ(∂νλ¯
BYμνλ¯C − λ¯BYμν∂νλ¯C)
+ i
2
gκEDBf ACEdBDEACμA
D
ν λ¯
AYμνλ¯B
+ {F¯ F − iψ¯ σ¯ μDμψ − Dμφ¯Dμφ + φ¯Dˆφ + i
√
2(φ¯λˆψ − ψ¯ ¯ˆλφ)
+ √2CμνDμφ¯ ¯ˆλσ¯νψ + iCμνφ¯FˆμνF + 14 | C |
2 φ¯ ¯ˆλB ¯ˆλCF
− ϑ2Cμνg
(√
2Dμφ¯λ¯aRaσ¯νψ +
√
2φ¯λ¯aRaσ¯νDμψ + iφ¯F aμνRaF
)
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√
2
4
gAκ
ABCdABCRACμνφ¯ABμλ¯
Cσ¯νψ
− iCμνκARAφ¯∂μAAν F +
i
8
εAgR
Af ABCCμνφ¯ABμA
C
ν F
+ 1
8
hABC | C |2 gBgCdABCRAφ¯λ¯Bλ¯CF
+ (φ → φ˜,ψ → ψ˜,F → F˜ ,Cμν → −Cμν)}
]
, (33)
where κABC , κA and εA are some constants. Besides, because of the renormalisability of NAC 
SU(N) × U(1) gauge theory, we require choosing
κABC = ξγ BACcAcBdC, κA = (ζ cA + η(1 − cA))gA
κa = ζg, κ0 = ηg0, εA = τgAcA, (34)
where ξ, ζ, η, τ and hABC are some coefficients. Moreover, hABC depend on indices A, B, C. 
We note that ha0b = hab0. In addition, ga ≡ g, cA = 1 − δA0, and dA = 1 + δA0. We also have
(Yμν)α˙β˙ = α˙θ˙Cμρgρλ(σ¯ λν)β˙θ˙ . (35)
According to the above equations, the action has been parameterised by some new non-zero pa-
rameters κABC , κA and εA. Such parameters have not been introduced in Refs. [1,17,6] because 
they have worked in spacial Wess–Zumino gauge. However, the renormalisation procedure re-
veals the necessity for these non-zero couplings. We have realised that if these new coefficients 
are zero, then some terms are hidden in the classical action, meanwhile divergent contributions 
due to Feynman diagrams produce them.
It is straightforward to show that Eq. (33) is preserved under the gauge, and SUSY transfor-
mations of Eqs. (31), (32).
3.2. Renormalisation of the SU(N) × U(1) modified action
The divergences in one-loop diagrams should be cancelled by the one-loop divergences in bare 
action, obtained by replacing the fields and couplings in Eq. (33) with bare fields and couplings 
given by
AaBμ = Z
1
2
AaA
a
μ, A
0
Bμ = Z
1
2
A0
A0μ
λaB = Z
1
2
λaλ
a, λ0B = Z
1
2
λ0
λ0, φB = Z
1
2
φ φ, ψB = Z
1
2
ψψ, gB = Zgg
C
μν
B = ZCCμν, g2B = Zg2g2, | C |2B= Z|C|2 | C |2
ξB = Zξξ, ζB = Zζ ζ, ηB = Zηη,
τB = Zττ, h(ABC)Bare = ZhABChABC
ϑ1B = Zϑ1ϑ1, ϑ2B = Zϑ2ϑ2. (36)
In Eq. (36) we have set the renormalised couplings ξ, ζ, η, τ, hABC, ϑ1, ϑ2 to zero for simplicity. 
The other renormalisation constants start with tree-level values of 1. Therefore, we have:
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τB = Z(1)τ , h(ABC)Bare = Z(1)hABC ,
ϑ1B = Z(1)ϑ1 , ϑ2B = Z
(1)
ϑ2
(37)
The C-independent one-loop corrections are cancelled by the one-loop divergences in the 
C-independent part of the bare action. Thus, the renormalisation constants for the fields and for 
the gauge couplings g, g0 are the same as in the ordinary N = 1 supersymmetric theory [13], and 
up to one loop corrections they are given by [22]:
Zλ = 1 − 2L(N + 1), Zλ0 = 1 − 2L,
ZA = 1 + 2L(N − 1), ZA0 = 1 − 2L,
Zg = 1 + L(1 − 3N), Zg0 = 1 + L,
Zφ = 1, Zψ = 1 − 2LCˆ2, (38)
where (using dimensional regularisation with d = 4 − ) L = g216π2 and
Cˆ2 = (N + 1
N
) (39)
with
 = (g0
g
)2 − 1 (40)
Upon inserting Eq. (38) into Eq. (33) one could obtain the one-loop contributions from SBare
as
S
(1)
Bare =
∫
d4x
(
(4NL + 2L)igCμνdabc∂μAaν λ¯bλ¯c + 4iLg0Cμνdab0∂μAaν λ¯bλ¯0
+ (8NL + 2L)i g
2
g0
Cμνd0bc∂μA
0
ν λ¯
bλ¯0 + 2iLg0Cμνd000∂μA0ν λ¯0λ¯0
− (3NL + L)ig2Cμνdabef cdeAcμAdν λ¯aλ¯b
− (2NL + 2L)igg0Cμνd0bef cdeAcμAdν λ¯0λ¯b
− (5
4
NL + 1
4
L)g2 | C |2 dabedcde(λ¯aλ¯b)(λ¯cλ¯d)
+ (4g
2
g20
L + 1
2N
L) | C |2 (λ¯aλ¯a)(λ¯bλ¯b)
− i
2
Z
(1)
C γ
ABCdABCCμνFAμνλ¯
Bλ¯C
+ Z(1)|C|2
[1
8
| C |2 dabedcdeg2(λ¯aλ¯b)(λ¯cλ¯d) + 1
4N
| C |2 (g
2
g0
)2(λ¯aλ¯a)(λ¯bλ¯b)
]
+ √2(−LCˆ2 − 4NL)gCμν∂μφ¯λ¯aRaσ¯νψ +
√
2(−LCˆ2)g0Cμν∂μφ¯λ¯0R0σ¯νψ
+ i
√
2
2
(6NL + LCˆ2)g2Cμνφ¯Abμλ¯adabCRCσ¯νψ
+ i√2(2NL + LCˆ2)gg0Cμνφ¯Ab λ¯0R0Rbσ¯νψμ
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+ i√2(LCˆ2)(g0)2Cμνφ¯A0μλ¯0(R0)2σ¯νψ
+ i(−4NL)CμνgRaφ¯∂μAaνF + i(4NL)g2Cμνφ¯Raf abcAbμAcνF
+ (−NL)g2 | C |2 dAbcRAφ¯λ¯bλ¯cF + (−NL)gg0 | C |2 da0cRaφ¯λ¯0λ¯cF
+ √2Z(1)C CμνDμφ¯ ¯ˆλσ¯νψ + Z(1)C iCμνφ¯FˆμνF +
1
4
Z
(1)
|C|2 | C |2 φ¯
¯ˆ
λB
¯ˆ
λCF
+ i
8
(Z
(1)
ξ )gd
abcCμν∂μA
a
ν λ¯
bλ¯c − i
8
(Z
(1)
ξ )g
2f cdedabeCμνAcμA
d
ν λ¯
aλ¯b
+ i
4
(Z
(1)
ξ )ξgd
abc(∂μλ¯
bYμνλ¯c − λ¯bYμν∂μλ¯c)Aaν
− i
4
(Z
(1)
ξ )g
2f abedcdeAcμA
d
ν λ¯
aYμνλ¯b + i
4
(Z
(1)
ξ )g0d
ab0Cμν∂μA
a
ν λ¯
bλ¯0
+ i
2
(Z
(1)
ξ )g0d
ab0(∂μλ¯
bYμνλ¯0 − λ¯bYμν∂μλ¯0)Aaν
− i
2
(Z
(1)
ξ )g0gf
cded0beCμνAcμA
d
ν λ¯
0λ¯b
+ i
√
2
4
(Z
(1)
ξ )g
2Cμνφ¯Abμλ¯
cdabcRaσ¯νψ + i
√
2
2
(Z
(1)
ξ )gg0C
μνφ¯Abμλ¯
0dab0Raσ¯νψ
− i(Z(1)ζ )CμνgRaφ¯∂μAaνF − i(Z(1)η )Cμνg0R0φ¯∂μA0νF
+ i
8
(Z(1)τ )g
2CμνRaf abcφ¯AbμA
c
νF +
1
4
(Z
(1)
hABC
) | C |2 φ¯ ¯ˆλB ¯ˆλCF
− √2(Z(1)ϑ2 )gCμνg∂μφ¯λ¯aRaσ¯νψ
− √2(Z(1)ϑ2 )gCμνgφ¯λ¯aRaσ¯ν∂μψ − 2i(Z
(1)
ϑ2
)gCμνRaφ¯∂μA
a
νF
+ i(Z(1)ϑ2 )g2Cμνφ¯Raf abcAbμAcνF +
1
N
(Z
(1)
ϑ1
)g20 | C |2 (λ¯aλ¯a)(λ¯0λ¯0)
)
(41)
The results (1)i−1PI , i = 1, . . . , 8, for the one loop divergences from the 1PI graphs coming 
from the C-dependent part of the N = 1/2 supersymmetric gauge theory coupled to matter are 
given in Appendix A [17]. We find that with
Z
(1)
C = Z(1)|C|2 = 0, Z
(1)
ξ = −2NL, Z(1)ϑ2 = −NL (42)
Z
(1)
ζ = −(5N + 2Cˆ2)L, Z(1)η = 2Cˆ2L, Z(1)τ = −(18N + 8Cˆ2)L (43)
Z
(1)
habc
= −37N + 32Cˆ2
8
L, Z
(1)
hab0
= −2(N − Cˆ2)L (44)
Z
(1)
h0bc
= 3
4
NL, Z
(1)
h000
= 2LCˆ2, Z(1)ϑ1 = −3NL, (45)
they can be cancelled by Eq. (41). In fact, we have
S
(1)
Bare +
8∑

(1)
i−1PI = finite, (46)i=1
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one-loop divergent field redefinitions of the gaugino and the auxiliary fields (λ, F¯ ). However, it 
is necessary to include the terms involving ϑ1, ϑ2 in Eq. (33) since further divergent configura-
tions arise at one-loop which are N = 1/2 supersymmetric. These terms are not in the original 
formulation of the theory though they are independently N = 1/2 supersymmetric. Therefore, 
one should modify the classical superspace Lagrangian (1) because these terms are not obtained 
from the original superfield action (1). This point is consistent with results [19–21]. They have 
modified the classical action (1) in order to have one-loop renormalisable theory.
In our work, we modify the classical action of Eq. (26) in order to make the theory be renor-
malisable and gauge invariant. In the modified action (33), there are extra terms which were 
absent in [17]. In our model, we have new renormalised couplings (ξ, ζ, η, τ, hABC) which start 
with tree-level values of zero for simplicity. In order to renormalise the theory we use the field 
redefinitions of the gaugino and the auxiliary fields (λ, F¯ ) in component formalism, but the clas-
sical superspace action is not modified. In fact we use a different Wess–Zumino gauge in compare 
with that used in Refs. [1,6]. Moreover, we obtain the same divergent contributions Z(1)ϑ1 , Z
(1)
ϑ2
as 
those in Ref. [17] which is a good check of our results.
In our work we use the following gaugino field redefinition
λ′A −→ λA − 1
4
κABCdABCCμνABμσνλ¯
C (47)
or, we have:
δλA = λ − λ′ = 1
4
κABCdABCCμνABμσνλ¯
C = 1
4
ξγ BACcAcBdCdABCCμνABμσνλ¯
C (48)
After the renormalisation, we have
δλA = 1
2
NLγBACcAcBdCdABCCμνABμσνλ¯
C, (49)
which is similar to the nonlinear gaugino field redefinition introduced in Ref. [17]. Now we can 
give an interpretation of the nonlinear gaugino field redefinition in [17]. They have worked in 
Seiberg’s Wess–Zumino gauge (κABC = 0 in Seiberg’s parametrisation but this choice is not 
preserved in the renormalisation) which is not a suitable convention for the renormalisation, then 
they have been forced to use the nonlinear field redefinition. However, in order to renormalise 
the theory we use a generalised Wess–Zumino gauge where our redefinition is associated with 
some parameters, so we do not need to use the nonlinear field redefinition. The same comparison 
between our auxiliary field (F¯ ) redefinition the divergent auxiliary field redefinition of Ref. [17]
can be used in order to interpret the nonlinear auxiliary field redefinition. In fact, they have used 
the nonlinear field redefinitions to absorb unusual divergent contributions which are produced by 
1PI graphs, and have found that variation of λ and F¯ result in a change in the action; besides, 
adding these divergent contributions to the classical action the theory is renormalisable up to one 
loop corrections. In this sense, we would like to conclude that the divergent field redefinitions 
used in [17] were actually correct, although their interpretation was not clearly written.
We have obtained ZC2 = |ZC |2 = 1 which means the non-anticommutative structure is pre-
served by the renormalisation despite the fact that the modified action (Eq. (41)) has an explicit 
dependence on the NAC parameter. Therefore, the star product does not get deformed by quan-
tum corrections which is consistent with Ref. [17] for the case of the component formalism and 
Ref. [19] for the case of the superspace formalism.
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space theory and showed that the one-loop effective action could be renormalised if one modifies 
the NAC action in superspace formalism and our work should be compared to their work. Gen-
erally, we confirm their work although some of the details may differ. Working in superspace, 
in a background field approach, they have shown that new divergences were present which can-
not be renormalised away. In order to make the theory be renormalisable they have modified 
the classical action from the start by adding new terms which allow for the cancellation of all 
the divergent terms at one loop. We have taken the same approach by adding new terms to the 
Lagrangian from start in the component formalism. We prove that subtraction of one-loop di-
vergences does not require nonlinear field redefinitions which is consistent with [19], and also 
the discussion is cleaner. The important point however was the check that indeed, even in the 
presence of NAC, the effective action is gauge invariant and therefore the safety of going to WZ 
gauge is ensured.
In this work we assume the renormalised couplings ξ, ζ, η, τ, ϑ1, ϑ2 and hABC are set to zero. 
These assumptions simplify our calculations; in other words, we do not consider contributions 
from terms which are proportional to these couplings to the loop divergences. However, in a 
future extended work we will consider non-zero values for these renormalised couplings, and 
calculate their contributions to quantum corrections. In our previous paper [24], we have com-
puted one-loop corrections which come from extra terms in N = 1/2 supersymmetric pure gauge 
theory. Moreover, our results are consistent with Ref. [19] which used the superspace formalism. 
In both cases, in order to obtain a renormalisable Lagrangian it is vital to add some new terms to 
the original Lagrangian.
4. Conclusion
We have investigated the renormalisability of a general N = 12 supersymmetric SU(N) ×U(1)
gauge theory coupled to chiral matter at one loop order. We have proved the theory is renormal-
isable up one loop order using the standard method of renormalisation by adding some extra 
terms which are generated by field redefinitions of the gaugino and the auxiliary fields (λ, F¯ ), 
and some new terms which are put by hand to the original component Lagrangian. Moreover, we 
have shown the effective action is gauge invariant up to one-loop corrections.
We have indicated there is no need to employ divergent redefinitions of λ and F¯ . We have 
used the N = 12 gauge group SU(N) × U(1) because of the requirements of gauge invari-
ance and renormalisability. As discussed in [7] the non-anticommutative SU(N) gauge theory 
is not well-defined, and the non-anticommutative U(N) gauge theory is not renormalisable 
[17,19].
We have shown that the problem of the renormalisability of the non-anticommutative the-
ory in the component formalism can be solved by field redefinitions. One of advantages of the 
field redefinition method is that it does not change the original Lagrangian in the superspace 
formalism; in other words, Eq. (1) is preserved under field redefinitions and the theory is renor-
malised. We have proved that the complete divergent part of the effective action which come from 
C-deformed section is gauge invariant even though term by term these quantum corrections are 
not gauge invariant, and also arrived at the conclusion that there is no need to renormalise the 
non-anticommutativity parameter C, which is consistent with Ref. [19].
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Appendix A. Divergent contributions for 1PI graphs
The divergent contributions to the effective action from the C-dependent diagrams with one 
gauge, two gaugino lines (Aμλ¯λ¯) are given by:

(1)
1-1PI = −(
15
4
NL + 2L)igCμνdabc∂μAaν λ¯bλ¯c − 4iLg0Cμνdab0∂μAaν λ¯bλ¯0
− (8NL + 2L)i g
2
g0
Cμνd0bc∂μA
0
νλ¯
bλ¯0 − 2iLg0Cμνd000∂μA0νλ¯0λ¯0
+ i
2
NLg0C
μνdab0∂μA
a
ν λ¯
bλ¯0 − NLgdabcλ¯bYμν∂μλ¯cAaν
− 2iNLg0dab0λ¯bYμν∂μλ¯0 (50)
The divergent contributions to the effective action from the C-dependent diagrams with two 
gauge and two gaugino lines (AμAνλ¯λ¯) are:

(1)
2-1PI = (
11
4
NL + L)ig2Cμνdabef cdeAcμAdν λ¯aλ¯b
+ 1
2
NLig2f abedcdeAcμA
d
ν λ¯
aYμνλ¯b
+ (NL + 2L)ig0gf cded0beCμνAcμAdν λ¯0λ¯b. (51)
The divergent contributions to the effective action from the C-dependent diagrams with four 
gaugino lines (λ¯λ¯)2 are:

(1)
3-1PI = (
5
4
NL + 1
4
L)g2 | C |2 dabedcde(λ¯aλ¯b)(λ¯cλ¯d)
+ (4g
2
g20
L + 1
2N
L) | C |2 (λ¯aλ¯a)(λ¯bλ¯b)
+ 3NLg20 | C |2 (λ¯aλ¯a)(λ¯0λ¯0) (52)
The divergent contributions to the effective action from the C-dependent diagrams with one 
gaugino, one scalar and one chiral fermion line (φ¯λ¯ψ) are given by:

(1)
4-1PI =
√
2(LCˆ2 + 3NL)gCμν∂μφ¯λ¯aRaσ¯νψ
+ √2(LCˆ2)g0Cμν∂μφ¯λ¯0R0σ¯νψ
+ √2(−NL)gCμνφ¯λ¯aRaσ¯ν∂μψ (53)
The divergent contributions to the effective action from the C-dependent diagrams with one 
gaugino, one scalar, one chiral fermion and one gauge line (Aμφ¯λ¯ψ) are:
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(1)
5-1PI = i
√
2NLg2CμνAbμφ¯λ¯
aσ¯νψ[12d
abcRc − 2if abc − 3dabCRC]
+ i√2NLgg0CμνA0μφ¯λ¯aRaR0σ¯νψ[−4]
− i√2NLg2CμνAaμφ¯λ¯bRaRbσ¯νψ[Cˆ2]
− i√2NLgg0CμνA0μφ¯λ¯bR0Rbσ¯νψ[Cˆ2]
− i√2NLgg0CμνAaμφ¯λ¯0RaR0σ¯νψ[Cˆ2]
− i√2NLg20CμνA0μφ¯λ¯0(R0)2σ¯νψ[Cˆ2] (54)
The divergent contributions to the effective action from the C-dependent diagrams with one 
gauge, one scalar and one auxiliary line (φ¯AμF) are given by:

(1)
6-1PI = i(−2LCˆ2)gCμνφ¯∂μAaνRaF + i(−3NL)gCμνφ¯∂μAaνRaF
+ i(−2LCˆ2)g0Cμνφ¯∂μA0νR0F (55)
The divergent contributions to the effective action from the C-dependent diagrams with two 
gauge, one scalar and one auxiliary line are:

(1)
7-1PI = i(LCˆ2)g2Cμνφ¯Raf abcAbμAcνF
+ i(−1
4
NL)g2Cμνφ¯Raf abcAbμA
c
νF (56)
The divergent contributions to the effective action from the C-dependent diagrams with two 
gaugino, one scalar and one auxiliary line (φ¯λ¯λ¯F ) are:

(1)
8-1PI = (
45
8
NL)g2 | C |2 dabcRaφ¯λ¯bλ¯cF
+ (−4LCˆ2)g2 | C |2 dabcRaφ¯λ¯bλ¯cF
+ (5NL)gg0 | C |2 d0bcRcφ¯λ¯0λ¯bF
+ (−4LCˆ2)gg0 | C |2 d0bcRcφ¯λ¯0λ¯bF
+ (1
4
NL)g2 | C |2 d0bcR0φ¯λ¯bλ¯cF
+ (−2LCˆ2)(g0)2 | C |2 d000R0φ¯λ¯0λ¯0F (57)
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